Introduction
Let G be a finite group. The exponent of G , denoted by exp G , is the least positive integer n such that g n = e for all g ∈ G . It gives some information on the order of an element of G . Note that exp G divides |G|. In particular, exp G = lcm{o(a) : a ∈ G} , where o(a) is the order of a in G . Moreover, if G = G 1 × G 2 , then exp G = lcm(exp G 1 , exp G 2 ). When G is abelian, the exponent of G also serves as an important tool to explore deeper into its Sylow p -subgroup, which results in the structure theorem for finite abelian groups.
For a finite commutative ring R with identity, its exponent is defined to be the exponent of the group of units of R . We write λ(R) for the exponent of R and R × for the group of units of R . That is, λ(R) = exp(R × ). A finite chain ring R is a finite commutative ring such that for any two ideals I and J of R , we have I ⊆ J or J ⊆ I . It is a finite local ring with maximal principal ideal. Thus, a Galois ring is a finite chain ring. By Theorem XVII.5 of [6] , any finite chain ring R of nilpotency s is isomorphic to an extension ring
for some positive integers n , d, and e ; a prime p ; and z(
called an Eisenstein polynomial of degree e . Moreover, the group of units of a finite chain ring was explicitly determined by Hou et al. [3] . Therefore, the exponent of a finite chain ring is known.
Recently, Chen et al. [1] studied the structure of the Gauss extension of a Galois ring and its unit group.
Besides the characteristic of the unit group, the exponent of the ring can be used to study the digraph of the k th power mapping [2, [7] [8] [9] . This motivated Dang and Somer [2] to compute without the explicit structure of unit group the exponent of the quotient ring
a ) , where a ≥ 1, F q is the field of q elements and
Let R be a finite commutative ring with identity 1. For k ≥ 2 , let G (k) (R) be the k th power mapping digraph over R whose vertex set is R and there is a directed edge from a to b if and only if a k = b .
A component of a digraph is a subdigraph that is a maximal connected subgraph of the associated nondirected graph. We consider two disjoint subdigraphs G 
. A cycle of length t ≥ 1 is said to be a t-cycle and we assume that all cycles are oriented counterclockwise. We call a cycle of length one a fixed point. The distance from a vertex g ∈ R to a cycle is the length of the directed path from g to a vertex in the cycle.
The indegree (respectively, outdegree) of a vertex a ∈ R of G (k) (R) is the number of directed edges entering (respectively, leaving) a and is denoted by indeg This functional digraph is defined using the idea of Somer and Křížek [4] , who studied the structure of digraphs G (2) (Z n ) . Later, they worked on the k th power mapping digraph G (k) (Z n ) [5] . Meemark and Wiroonsri [8, 9] worked on digraphs In what follows, we consider a local extension R of the Galois ring
where a ≥ 1 and
of degree r such that the reduction f (x) in
is irreducible. We compute the exponent of R without complete determination of its group structure in Section 2. Applying this result leads to better analysis of the iteration graphs G (k) (R) including the conditions on symmetric digraphs in the last two sections.
The exponent
In this section, we compute the exponent of the local extension R of the Galois ring GR(p n , d) of the form
It is a local ring of characteristic p n with maximal ideal
, and R/M ∼ = F p dr . If a = 1 , then it follows from Theorem 14.23 of [13] that R is isomorphic to GR(p n , dr), so its exponent is presented in Theorem 1.1. Now we assume that a ≥ 2
and proceed to compute the exponent of R . Recall that For any m ∈ N, we write e p (m) for the maximum power of p in m ; that is,
The proof starts by deriving some facts on the maximum power of p that is binomial coefficients using the de Polignac formula. We divide them into four lemmas as follows. The proofs of the first two lemmas are routine and hence are omitted.
Then:
Thus,
which implies (1). For (2), we compute
Since a ≥ 2 and
2
Now we are ready to compute the exponent.
be a monic polynomial of degree r such that the reduction f (x) in
is irreducible, and a ≥ 2. If s is the positive integer such that
for all j ∈ N. By Lemma 2.4, e p (j!) < j and
Thus, 
Cycles and components
In this section, we find necessary and sufficient conditions for the existence of a t -cycle with t ≥ 1 in G (k) 1 (R), and we find the number of t-cycles in G (k) 1 (R) for a finite commutative ring R with identity. Later, we present some properties in G (k) 2 (R) over a finite local ring R .
Number of cycles
For a finite commutative ring R with identity, we set λ(R) = uv , where u is the largest divisor of λ(R) relatively prime to k . 
Proof (1) ⇒ (2). Let a be a vertex of t -cycle, and then t is the least positive integer such that a
k t = a, so a(a k t −1 − 1) = 0. Since a ∈ R × , a, k) = 1 , so o(b) | u. Set d = o(b). Thus, t = ord d k for some divisor d of u. (3) ⇒ (1). Suppose t = ord d k for some divisor d of u. Since R × is abelian, then there exists a ∈ R × such that o(a) = λ(R). Set b = a λ(R) d . Since t = ord d k , t is the least positive integer such that b k t −1 = a λ(R)(k t −1) d and so b ∈ R × . This means that b k t = b; that is, there exists a t -cycle, where t ≥ 1 in G (k) 1 (R). 2
Corollary 3.2 Let R be a finite commutative ring with identity, and let
Let R be a finite commutative ring with identity. The number of t-cycles in G (k) (R) is denoted by
. For a finite local ring R with unique maximal ideal M , let p nr be the order of R and the residue 
Proof Let g ∈ R × be a vertex in a t-cycle. Then t is the least positive integer such that g 
Consequently,
The group of units of the Galois ring GR(p n , r) presented in Theorem 1.1 gives us the next result.
Theorem 3.4 Let R = GR(p n , r) be a Galois ring, where n , r are positive integers and p is a prime. Let
k ≥ 2 and t ∈ N. Then:
(1) If ( p is an odd prime) or (p = 2 , and n ≤ 2), then
Distance
Let R be a finite commutative ring with identity. First, we work on the distance from any vertex to the unique cycle in the component of the digraph G
1 (R) and the trees attached to it. The proofs are similar to Theorems 3.6-3.8 of [9] . 
2 (R) has one component and indeg
; that is, every directed edge terminates at 0 . 
Symmetric digraphs
In this section, we present some conditions when the digraphs are symmetric using the exponents discovered in the previous sections. Let R be a finite commutative ring with identity. Let N ≥ 2 be an integer. The digraph We also need the indeg (k) 1 recalled in the next theorem. 
where for some q ∈ N, and 0 ≤ s 1 ≤ s 2 ≤ · · · ≤ s q such that s 1 + s 2 + · · · + s q = r(n − 1) . Then
